
Abstract. A new combination of non-Boltzmann sam-
pling (umbrella sampling) and thermodynamic integra-
tion for the computation of free energies of ¯exible
systems is described and compared with other methods
in terms of its accuracy, e�ciency, and viability for
simulations of macromolecules. The non-Boltzmann
sampling is achieved through the de®nition of a surro-
gate potential function that uniformly reduces barriers
between energy minima of a given molecule while
retaining the overall features of its torsional pro®le.
The in¯uence of the surrogate potential on the free
energy calculation is taken into account by a correction
similar to umbrella sampling. This work is tested by
computation of the free energy of hydration di�erence
between butane and propanol. The free energy di�erence
converges to the experimentally measured value in one
tenth of the computer time required for a simulation
employing conventional thermodynamic integration
without the umbrella potential. Moreover, the devia-
tions of the computed free energies for similar sampling
periods are greatly reduced with the new method.
Finally, an accurate free energy di�erence is obtained
in one third of the number of simulations that are
necessary for the multi-state isomeric method.

Key words: Free energy calculation ± Umbrella
sampling ± Thermodynamic integration ±
Non-Boltzmann sampling

1 Introduction

The probability that a molecular system of interest will
be found in one state or another is given by the free
energy di�erence between those states, such that bio-
chemical events like binding and folding can be expres-
sed in terms of free energies. Among the methods to
compute free energy di�erences of molecules of known

structure are free energy perturbation (FEP) [1] and
thermodynamic integration (TI) [2]. Both methods have
been used to compute accurately free energy di�erences
of small model compounds and fairly rigid systems [3±6].
However, for ¯exible macromolecules, this accuracy
is compromised because of insu�cient sampling of the
many minima on the potential energy surface [7, 8]. To
remedy this situation, umbrella (or non-Boltzmann)
sampling techniques [9] were introduced to augment
FEP or TI. Here, the potential energy function is
replaced with a surrogate potential that shifts the
distribution of molecular states such that sampling
a wider range of the potential energy surface is possible.
The free energy averages computed from this surrogate
potential are then corrected to obtain their true values.
The biasing potential must be de®ned such that it
is di�erent enough to enhance sampling of relevant
conformational space but similar enough to avoid
convergence problems. Two early studies employed this
methodology to study solvent e�ects on the rotational
barrier in butane: one set the torsional potential about
the central CAC bond to zero [10±12], while the other
chopped the barrier heights but maintained the troughs
through the introduction of a penalty function [13].
While these e�orts were successful in terms of both
accuracy and convergence, this approach has not been
used generally for systems with multiple torsions,
presumably owing to the di�culties associated with
de®ning a surrogate potential general enough to cover
all the rotamers e�ectively.

A derivative of this approach, importance sampling
[14±19], has enjoyed some attention as well. In this case,
several simulations, where a restraining potential is in-
troduced to explore more of the conformational space in
a speci®c region of the potential energy function, are
connected to cover the entire pro®le. This method has
been applied successfully for cases where relatively few
intramolecular degrees of freedom are considered, e.g.
alaninedipeptide [14], 1,2-dimethoxyethane [15], and 18-
crown-6 [16]. Nonetheless, application of this method
to larger and more ¯exible systems becomes di�cult
because of the explosion of substates of the system [8].
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Mark et al. described a combination of non-Boltzmann
sampling and TI which consists of three stages [20]. First,
the surrogate potential is introduced; then the corre-
sponding free energy di�erence is evaluated. Second, the
actual conformational change or mutation is performed.
Third, the surrogate potential is slowly eliminated.

Here, a new combination of non-Boltzmann sampling
and TI is described, referred to as NBTI. In contrast to
the method of Mark et al., it consists of a single stage. In
order to reduce barriers across the board, the biasing
potential is generated by direct modi®cation of the force
®eld prior to the simulation. In particular, the dominant
term in the Fourier series describing each torsion angle is
scaled down by a factor of four, and the non-bonded 1,4
interactions are scaled down by ®ve in order to en-
courage barrier crossings. The advantages of this choice
of surrogate potential over setting it to zero are that the
barriers are reduced while the overall features of the
torsional pro®le are retained. Moreover, in contrast to
using a ceiling of, for instance, 1±3 kcal/mol for all
torsions, this uniformly lowers barrier heights but also
preserves the character of the torsion angle pro®le.
Molecular dynamics calculations with such a modi®ed
energy function should, then, allow better sampling of
conformational space while preserving the integrity of
the system. The in¯uence of this surrogate potential on
the free energy is corrected by a procedure commonly
used in umbrella sampling calculations.

We have tested NBTI by calculating the relative free
energy di�erence in hydration when mutating butane to
propanol. To estimate the free energy di�erence, it is
required to properly sample the rotamer distribution of
both molecules. This is not a simple task because the
distribution of rotamers of butane is di�erent from that
of propanol. With the appropriate surrogate potentials,
NBTI shows faster convergence and better sampling
than conventional TI.

2 Method

2.1 Theory of NBTI

The computation of free energy di�erences between two
states using TI involves mapping the Hamiltonian of the
system from an initial state, A, to a ®nal state, B. This
is conveniently expressed through the de®nition of
a coupling parameter, k, where k = 0 corresponds to
state A and k = 1 describes state B. The Helmholtz free
energy is then given by

DA �
Z1
0

@E X N ; k� �
@k

� �
k
dk �1�

where h ik indicates an NVT ensemble average governed
by E(k).

Torrie and Valleau have devised a procedure for ex-
tracting a Boltzmann-weighted ensemble average from
non-Boltzmann sampling, also referred to as an um-
brella sampling [9]. The improved sampling of confor-
mational space can be achieved by a simulation with the

surrogate potential, Es, whose barrier potentials are
reduced by DE in order to facilitate the sampling of all
the possible con®gurations of the molecular system of
interest.

Es X N ; k
ÿ � � E X N ; k

ÿ �ÿ DE X N ; k
ÿ � �2�

The ensemble average hQi of any property Q of the
original system is then given as

hQi � Q X N ; k� � exp ÿbDE X N ; k� �� �h iS
exp ÿbDE X N ; k� �� �h iS

�3�

By the direct application of Eq. (3) into the equation
of thermodynamic integration, Eq. (1), one can obtain
a new exact equation, non-Boltzmann thermodynamic
integration (NBTI).

DA �
Z1
0

@E X N ;k� �
@k exp ÿbDE X N ; k� �� �

D E
S

exp ÿbDE X N ; k� �� �h iS
dk �4�

The idea of NBTI is that one can estimate the free
energy of the original system directly from the simula-
tion using the surrogate potential energy which gener-
ates a non-Boltzmann distribution. In principle, the
surrogate potential could be any arbitrary function.
However, in practice, there could be numerical prob-
lems. First, the surrogate potential should preserve the
location of minima and lower the barriers between them.
Otherwise, the simulation would spend more time in
sampling unimportant con®gurations rather than im-
portant con®gurations.

The barriers are lowered by preparing two di�erent
parameter sets. One of the sets corresponds to the
original potential energy function of the system, while
the other corresponds to the surrogate potential energy.
In the case of the mutation from butane to propanol,
the surrogate potential is one in which the parameters of
the third coe�cients of the Fourier series expressing the
dihedral angle terms are reduced to one fourth of
the original parameters, and the intramolecular van der
Waals interactions are reduced to one ®fth of the origi-
nal interactions. As shown in Fig. 1, the barriers around
the dihedral angle of butane are reduced with little
change to the positions and energy levels of the three
minima.

The generation of surrogate potentials is relatively
simple for most organic compounds which make use of
a Fourier series expansion. In the case of 3-fold dihedral
angle potentials, the third Fourier coe�cient, V3, can be
reduced as shown below in the mutation from butane to
propanol. In the same fashion, the second coe�cient, V2,
can be reduced for 2-fold potentials. In addition, van der
Waals and/or electrostatic interactions and the ®rst
coe�cient, V1, might be reduced for enhancement of
gauche-gauche transition. By this procedure, one can
easily build up surrogate potentials for each dihedral of
larger molecules.

By modi®cation of potential energy parameters, one
can generate a gradually changing surrogate potential
which is di�erentiable everywhere as k goes from 0 to 1.
Thus, for con®gurations generated by the non-Boltzm-
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ann simulation, one can calculate the energy di�erence
between the original potential energy and the surrogate
potential energy, and the derivative of the original en-
ergy with respect to k in order to obtain the free energy
di�erence, Eq. (4).

Equation (4) can be applied to any segment of a
thermodynamic cycle. The relevant thermodynamic cy-
cle [21] for the solvation free energy di�erence between
butane and propanol is given in Fig. 2. The di�erence in
the experimentally measured free energies of transfer of
the solutes into water (DA2)DA1) is equal to the com-
putationally tractable di�erence in free energies a�orded
by mutation of butane to propanol both in gas phase
and in water (DA4)DA3).

The surrogate potential is used for the computation
of both DA3 and DA4. A coupling parameter, k, is used

ES�k� � �1ÿ k�ES�butane� � kES�propanol�; �5�
where k varies from 0 (Es = Es(butane)) to 1
(Es = Es(propanol)). In this way, a series of windows
connecting the k values is carried out, and the incre-

mental free energies are accumulated to yield the total
free energy di�erence for the process in the presence of
the surrogate potential. Equation (4) is applied to
correct for the surrogate potential. The derivatives,
@E=@k, the energy di�erences between the original
potential energy and the surrogate potential energy,
DE, and therefore, h(@E=@k)exp[)bDE]i=hexp[)bDE]i,
are computed, from which the free energy is evaluated
as shown below.

DA �
X

i

DAi

�
Xn

i�1

@E X N ;k� �
@k exp ÿbDE X N ; k� �� �

D E
s;i

exp ÿbDE X N ; k� �� �h is;i
�Dki�

�6�

2.2 Computational procedure

2.2.1 Force ®eld

Intra- and intermolecular interactions were evaluated
using classical potential functions [22, 23] featuring
harmonic terms for the bonded and valence interactions,
a Fourier series to describe torsional motion, and
a common Coulomb plus 6±12 Lennard-Jones func-
tional format for the non-bonded terms,

Epotential �
X

pairs�i;j�

qiqj

rij
� Aij

r12ij
ÿ Cij

r6ij

 !
�
X
bonds

Kb�r ÿ r0�2

�
X
angles

Kh�HÿH0�2

�
X

torsions

X3
n�0

Vn

2
1ÿ �ÿ1�n cos�n/ÿ c�� �

�7�

where Aii = 4eir12i and Cii = 4eiri
6. The van der Waals

combining rules are expressed as rij = (ri + rj)/2 and
eij = (ei + ej)

1/2 [24, 25]. Furthermore, all intramolecu-
lar 1,4 non-bonded interactions were scaled down by
a factor of 2. The associated OPLS all-atom parameters
[26±28] were used for the solutes, and the TIP3P model
[29] for water was employed. All parameters are given in
Tables 1 and 2.

The surrogate potential for the non-Boltzmann sam-
pling was generated by dividing by 4 the threefold term
of the XACACAX torsion,

Edihedral
surrogate�/� �

V1
2
�1� cos/� � V2

2
�1ÿ cos 2/�

� �V3=4�
2
�1� cos 3/�

�8�

and by scaling down by 5 the intramolecular 1,4,
Lennard-Jones interactions shown in Eq. (9),

Evdw
surrogate �

X
pair�i;j�

qiqj

rij
� Asur

ij

r12ij
ÿ Csur

ij

r6ij

 !
�9�

Fig. 1. Energy pro®les around the central dihedral angle of butane
in gas phase, as obtained from the force ®eld, Eq. (7), with the
standard OPLS parameter set (circles), with the modi®ed param-
eters in which the third coe�cients of the Fourier series are
modi®ed (squares), and with the surrogate parameter set in which
the van der Waals interaction is reduced in addition to the
modi®cation of the Fourier series (diamonds)

Fig. 2. Thermodynamic cycle for solvation free energy di�erence
between butane and propanol
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where Asur
ij = 4(ei/5)ri

12 and Csur
ij = 4(ei/5)r6i . The re-

sultant gas-phase torsional pro®les from the original and
surrogate potentials are shown in Fig. 1.

2.2.2 Molecular dynamics

All molecular dynamics simulations employed periodic
boundary conditions in an 18.8563 AÊ 3 box that con-
tained the solute plus 214 water molecules. Group-based
cuto�s, where the solutes were divided into methyl,
methylene, and hydroxymethylene groups and each
water molecule was treated as a group, were employed;
electrostatic interactions were truncated at 8.5 AÊ , and
van der Waals interactions were truncated at 9.0 AÊ .
A dielectric constant of 1 was used throughout.

The Verlet algorithm was used to integrate the
equations of motion [30]. In the aqueous phase, tem-
perature coupling [31] was used to keep the temperature
at 298 K with a coupling constant of 10 ps)1. However,
in the gas phase this temperature coupling algorithm
produced an undesirable e�ect [32]. The motion of each
atom of the solute became gradually synchronized and
the solute started rotating without any conformational
transitions after 50 ps equilibration [32]. To alleviate this
e�ect, Langevin dynamics with a friction coe�cient of
10 ps)1 was employed instead of temperature coupling.

In order to facilitate the use of a 2 fs timestep, the
water molecule and all bonds involving hydrogens were
held rigid with the SHAKE [33] algorithm, and the
solute hydrogen masses were increased to 10 amu [34].

2.2.3 NBTI

Two series of molecular dynamics simulations were
performed in order to simulate the mutation of butane
to propanol in the gas phase and in water. In one, the
free energies were computed using NBTI; in the other,
conventional TI was used in order to assess their relative
performances. The initial con®guration of butane in
water was thermalized gradually from 10 K to 298 K
and equilibrated for 100 ps according to the schedule
given in Table 3. The mutation then proceeded in 15
unevenly spaced windows, where ki = 0.0, 0.05, 0.10,
0.20, 0.30, 0.40, 0.50, 0.60, 0.70, 0.80, 0.90, 0.95, 0.975,
0.99, and 1.0. To avoid convergence problems often
associated with the solute-solvent energetics, more
closely spaced windows were chosen for the endpoints
[35]. This was particularly important as the alcohol
group was ``created'' for the path from butane to

Table 1. OPLS parameters for butane and propanol

(a) Non-bonded parameters (Eq. 7)

Atoma q�e� r(AÊ ) e (kcal/mol)

H(C) +0.06 2.50 0.030
C(H3) )0.18 3.50 0.066
C(H2) )0.12 3.50 0.066
C(H2OH) +0.145 3.50 0.066
O(H) )0.683 3.12 0.170
H(O) +0.418 0.00 0.000

aAtoms are listed with their covalently bonded neighbors in par-
entheses

(b) Torsion parameters (kcal/mol) (Eq. 7)

Torsion V1 V2 V3

HACACAC 0.00 0.00 0.366
HACACAH 0.00 0.00 0.318
CACACAC 1.740 )0.157 0.279
CACACAO 1.711 )0.500 0.663
CACAOAH )0.356 )0.174 0.492
HACACAO 0.00 0.00 0.468
HACAOAH 0.00 0.00 0.450

(c) Bond parameters (Eq. 7)

Bond Kb (kcal/mol AÊ
2) r0 (AÊ )

HAC 340 1.09
CAC 268 1.529
CAO 320 1.41
OAH 553 0.945

(d) Angle parameters (Eq. 7)

Angle KQ (kcal/mol degree2) Q0 (degree)

HACAC 37.5 110.7
HACAH 33.0 107.8
CACAC 58.35 112.7
CACAO 50.0 109.5
HACAO 35.0 109.5
CAOAH 55.0 108.5

Table 2. TIP3P parameters for water (rigid geometry)

(a) Non-bonded parameters (Eq. 7)

Atom q�e� r(AÊ ) e (kcal/mol)

H +0.417 0.00 0.00
O )0.834 3.15061 0.1521

(b) Bond parameters (Eq. 7)

Bond r0 (AÊ )

HAH 1.5174
OAH 0.9572

(c) Angle parameters (Eq. 7)

Angle Q0 (degree)

HAOAH 104.52
OAHAH 37.74

Table 3. Thermalization and equilibration protocol of the initial
con®guration of butane in water

Step Simulation time
(ps)

Dt (fs) Temperature
(K)a

s (ps)

1 0.5 0.5 10 0.001
2 2.0 2.0 10 0.01
3 2.0 2.0 10! 200 1.0
4 10 2.0 298 1.0
5 100 2.0 298 0.1

a The temperature coupling method [31] was employed
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propanol. In each window, geometric and parametric
features of the system were gradually modi®ed as the
simulation progressed from butane to propanol, and the
``disappearing'' hydrogens were converted to dummy
atoms (q = e = r = 0) and retracted to ®nal bond
lengths of 0.3 AÊ . No special treatment was made to
correct for the small free energy di�erences associated
with changing the bond lengths [36±38].

The simulations were begun by assigning velocities to
all atoms via a Maxwellian distribution at 298 K. With
the TI and NBTI approaches, two distinct simulation
experiments were carried out. First, simulations with
equal length equilibration and sampling stages were
performed. Here, the issue of longer timescales was the
focus and involved lengthening these periods from
10 ps/10 ps (equilibration/sampling) to 50 ps/50 ps in
®ve even increments and then performing one simulation
for 100 ps/100 ps. Second, the convergence of the sim-
ulations was assessed by keeping the equilibration time
constant at 50 ps and increasing the sampling stage from
10 ps to 200 ps.

2.2.4 Multi-isometric state free energy calculations

The NBTI method was validated through comparisons
with multi-isomeric state free energy calculations [15,
16], which have been shown to yield accurate free
energies of hydration for small, ¯exible organic mole-
cules while sampling adequately rotational probabilities.
Brie¯y, to obtain the free energy of hydration di�erence
between butane and propanol from this method, six
simulations ± three in gas phase and an equivalent three
in aqueous phase ± were performed. As indicated in
Eq. (10), two potentials of mean force (PMFs) were
computed to explore the conformational space de®ned
by the central torsion of each endpoint (butane and
propanol), and a mutation of the conformationally
restricted trans-butane to trans-propanol was computed.
The relative free energy of mutation from butane to
propanol, then, was computed by summing these free
energy changes [15].

DA � AB ÿ AP

� AB ÿ At
B

ÿ �� At
B ÿ At

P

ÿ �� At
P ÿ AP

ÿ � �10�

where AB ÿ At
B is the free energy di�erence between the

trans form of butane and the full system with all of the
possible isomers, At

B ÿ At
P is the free energy di�erence

between the trans form of butane and the trans form of
propanol, and At

B ÿ At
P is the free energy di�erence

between the trans form of propanol and the full system
with all of the possible isomers.

In both the gas phase and water, 3 ns MD simula-
tions (following a thermalization phase as described in
Table 3) in which the central XACACAX torsion of the
molecule (butane and propanol) was turned o� were
performed to obtain the PMFs, W(/) [10],

W �/� � ÿRT ln ~q�/� ÿ U�/� � constant; �11�
where ~q(/) is the normalized probability density of the
dihedral angle obtained from removal of the potential
energy associated with motion about this bond. In
practice, this is equivalent to employing an umbrella

potential, U(/), in order to generate the biased ensemble
of con®gurations. The free energy di�erence between the
trans form of the solute and its conformationally
unrestricted counterpart was computed as

DA � ÿkBT ln

Z
exp ÿDArot�/�=kBT� �d/

� �,
2p

" #
; �12�

where kB is the Boltzmann constant and T is absolute
temperature of the simulation. DArot gives the potential
of mean force around the central dihedral angle, /, with
respect to the free energy of the trans state.

Consistent with de®ned protocols for the multi-
isomeric state approach [15±16], molecular dynamics
simulations using conventional TI with a ``¯at-bottom''
restraining potential, Ures were then performed for the
trans-butane to trans-propanol mutation. The functional
form of Ures is

Ures�/� �
k�/ÿ /0 ÿ D/�2 if / > /0 � D/

k�/ÿ /0 � D/�2 if / > /0 ÿ D/

0 otherwise

8<: �13�

where /0 is the trans angle 180°, k = 50 kcal/mol
degree2 and D/ determines the allowed range of dihedral
angle excursions, 30°. As above, no special treatment
was made for eliminating the e�ects of the restraining
potential on the free energies. Otherwise, the MD
conditions and procedures outlined above for NBTI
and conventional TI were employed here as well. The
system was subjected to equilibration periods of 50 ps
followed by sampling over 50 ps. In all cases, coordi-
nates of the central cell of the periodic lattice were stored
every 0.5 ps of the sampling stage, and the free energies
were computed as ensemble averages over these coordi-
nates.

Finally, although statistical errors derived from en-
semble averages have conventionally been used for error
estimation in the free energy calculations [3±6], it is
found that the statistical errors are sometimes fortu-
itously small and can be attributed to the molecule being
trapped in a local minimum [39]. Accordingly, all sim-
ulations were performed three times and were begun
from di�erent randomly drawn velocities. The reported
free energies and errors are the averages of these trials
and standard deviations [39], respectively.

All calculations were carried out with the program
X-PLOR [24] running on a Hewlett-Packard APOLLO
735.

3 Results

The free energy results for the multi-isomeric state
benchmark are given in Table 4 and Fig. 3. The e�ects of
hydration on the butane and propanol torsional pro®les,
which are given by the PMFs, follow expected trends.
Speci®cally, with butane, the gauche conformer is better
hydrated by about 0.25 kcal/mol, and the cis rotamer is
lower than the gauche by an equivalent amount. These
results are consistent with a hydrophobic stabilization of
the more compact rotamers and are in agreement with
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earlier studies [40±44]. With propanol, the situation is
reversed, with the trans conformer being the most well-
hydrated species. This can be explained in terms of a loss
of full hydrogen-bonding potential as the molecule
moves from trans to cis [40, 43]. The free energy
di�erence between butane and propanol in the gas
phase and in water was )2.45 � 0.2 kcal/mol and

)9.16 � 0.2 kcal/mol, respectively. Therefore, the
relative free energy of hydration was estimated as
)6.7 � 0.3 kcal/mol, which is in good agreement with
the experimental result of )6.9 kcal/mol [44].

The data for the ®rst experiment with TI and NBTI
are shown in Tables 5A and B and Fig. 4. In the ®nal
analysis, both methods produce good results; mutation
of butane to propanol yields free energy di�erences of
hydration of )6.8 � 0.2 kcal/mol for conventional TI
and )6.8 � 0.1 kcal/mol for NBTI. Consideration of
the progression in the free energy di�erences and asso-
ciated errors from short to long simulation times reveals
interesting results. While in the end simulations using TI
converge to the target free-energy di�erence, the shorter
runs get trapped in local minima of the energy surface
where the relative free energy of hydration is 0.5 kcal/
mol less favorable for propanol than expected. As
a consequence, the gauche conformers are improperly
sampled, which would increase the preference for pro-
panol in the gas phase and lessen its preference in water
due to restricted hydrogen bonding. Inspection of the
errors in the TI simulations lends further support to this
conclusion. Speci®cally, in any one run the statistical
error is small (0.1 kcal/mol for 20 ps/20 ps), whereas for
the average of three runs the standard deviation is much
larger (0.4 kcal/mol for 20 ps/20 ps). This is not the case
for NBTI, where the relative free energy of hydration
taken at any of the time intervals is in excellent agreement
with the target value. Moreover, both the statistical er-
rors and the standard deviations from the three simula-
tions are equivalent and small (in the 0.1±0.2 kcal/mol
range for all). For short simulations (Tables 5 and 6), the
statistical errors of NBTI are larger than those of TI.

The convergence studies shown in Tables 6A and B
and Fig. 5 emphasize the di�erences between NBTI and
TI. Following an equilibration time of 50 ps, NBTI
moves quickly towards the target free-energy di�erence;
after 10 ps, the relative free energy of hydration is
)6.8 � 0.2 kcal/mol and by the end of the 200 ps
sampling stage it remains at )7.0 � 0.1 kcal/mol.
Conventional TI, on the other hand, stays near
)6.3 kcal/mol for short sampling times. Furthermore, it
is clear that TI requires at least 100 ps to converge to the
expected free-energy di�erence; at the end of the 100 ps
sampling stage TI gives a relative free energy of hydra-
tion of )6.8 � 0.3 kcal/mol.

The individual convergence of DAgas and DAaq by
both methods is also compared in Tables 6A and B and
Figs. 6 and 7. In theory, the free energies by TI and
NBTI must converge to the same value regardless of the
di�erence of the internal potential energies. In the gas
phase, more than 100 ps sampling is necessary for both
methods to converge to the same value. In the aqueous
phase, even after 200 ps, there is still a signi®cant
di�erence in the values between TI and NBTI,
)9.38 � 0.1 kcal/mol and )9.52 � 0.1 kcal/ mol, res-
pectively. The free energy obtained by TI is still de-
creasing even after 100 ps and it ¯uctuates, which
indicates the slow convergence by TI. In contrast, the
free energy by NBTI stays around )9.55 kcal/mol after
40 ps sampling. The reason for the superior convergence
of DAsol compared to DAgas or DAaq is unclear.

Table 4. Free energies of solvation di�erence between butane and
propanol (in kcal/mol) at 298 K obtained by multi-isomeric state
free energy calculation. All free energies are reported as averages
and standard deviations obtained by the three separate simulations
with di�erent initial velocities

Path DAgas DAaq DAsol

Butane ! t-butane )1.27�0.04 )1.21�0.05
t-Butane ! t-propanol )2.00�0.2 )8.99�0.2
t-Propanol ! propanol 0.82�0.04 0.96�0.06
Butane !propanol )2.45�0.2 )9.16�0.2 )6.7�0.3

Fig. 3A,B. Hydration e�ect around the central dihedral angle of
the solute, A butane and B propanol. The PMFs are plotted with
respect to the free energy level of the trans-state. The solid line and
the dashed line indicate the PMFs in gas phase and in water
respectively. The hydration e�ects (dotted line) are calculated as the
di�erence of PMFs between gas phase and aqueous phase

176



As expected, the accuracy and e�ciency of NBTI can
be explained in terms of the enhanced sampling and is
demonstrated in Figs. 8±10. From transition state theory
[45], the predicted transition rate for trans/gauche
butane, given a 3.75 kcal/mol barrier at 298 K and
a transmission coe�cient of unity, is 0.011 ps)1. The
average transition rate from a gas phase simulation of
butane at 298 K using the unmodi®ed potential is in
close agreement at 0.012 ps)1, or once every 83 ps. With
NBTI, the transition rate is increased by an order of
magnitude of 0.149 ps)1, or once every 6.7 ps. TI would
fail to sample adequately in a 50 ps sampling stage; this
is clearly not the case with NBTI. The same behavior is
observed in water (data not shown).

The e�ects of sampling periods on the gas-phase di-
hedral angle distributions of the central torsion angle in
butane are shown in Figs. 9 and 10. The most striking
feature is that even at a sampling period of 200 ps,
a simulation with the standard OPLS force ®eld com-
pletely fails to sample the gauche+ conformation, which
should be found with the same probability as the
gauche± rotamer. This is not the case with the modi®ed
force ®eld, which samples all conformers with reason-
able frequency. Thus it appears that prohibitively long
sampling periods ± in the order of a nanosecond ± are
required for TI using the standard force ®eld to sample
with the same e�ciency as NBTI with the modi®ed force
®eld. Clearly, the ability of these methods to compute
quickly and accurately the relative free energy of hy-
dration of butane and propanol is a direct consequence
of their ability to visit conformational probabilities on
the energy surface.

4 Conclusion

The accuracy of free energy perturbation methods
depends on the validity of empirical energy functions
and on sampling of conformational space. NBTI

Table 5. Free energy of solva-
tion di�erences between butane
and propanol (in kcal/mol) at
298 K

a Simulation times are com-
posed of two parts: equilibra-
tion and sampling (see method)
b The free energy values are
reported as the average values
and standard deviations of
three separate simulations with
di�erent initial velocities. The
average statistical errors de-
rived from the ensembles are
given in parentheses
c DAsol is calculated as
DAaq ) DAgas

(A) Free energy di�erences obtained by TI

Simulation timea

(equilibration, sampling)
DAgas

b DAaq
b DAsol

c

(5 ps, 5 ps) )2.78 � 0.5 (0.08) )9.19 � 0.3 (0.5) )6.4 � 0.6 (0.5)
(10 ps, 10 ps) )2.55 � 0.4 (0.06) )8.83 � 0.3 (0.2) )6.3 � 0.5 (0.2)
(20 ps, 20 ps) )2.67 � 0.3 (0.03) )8.89 � 0.3 (0.1) )6.2 � 0.4 (0.1)
(30 ps, 30 ps) )2.62 � 0.2 (0.03) )8.99 � 0.2 (0.1) )6.4 � 0.3 (0.1)
(40 ps, 40 ps) )2.68 � 0.2 (0.03) )9.01 � 0.2 (0.09) )6.3 � 0.3 (0.09)
(50 ps, 50 ps) )2.38 � 0.2 (0.02) )9.06 � 0.2 (0.08) )6.7 � 0.3 (0.08)
(100 ps, 100 ps) )2.35 � 0.2 (0.02) )9.13 � 0.1 (0.04) )6.8 � 0.2 (0.04)

(B) Free energy di�erences obtained by NBTI

Simulation timea

(equilibration, sampling)
DAgas

b DAaq
b DAsol

c

(5 ps, 5 ps) )2.83 � 0.2 (0.2) )9.47 � 0.3 (0.6) )6.6 � 0.4 (0.6)
(10 ps, 10 ps) )2.80 � 0.1 (0.1) )9.61 � 0.2 (0.4) )6.8 � 0.2 (0.4)
(20 ps, 20 ps) )2.64 � 0.1 (0.07) )9.52 � 0.2 (0.2) )6.9 � 0.2 (0.2)
(30 ps, 30 ps) )2.63 � 0.1 (0.06) )9.41 � 0.2 (0.1) )6.8 � 0.2 (0.1)
(40 ps, 40 ps) )2.83 � 0.1 (0.04) )9.58 � 0.1 (0.1) )6.8 � 0.1 (0.1)
(50 ps, 50 ps) )2.81 � 0.1 (0.04) )9.62 � 0.1 (0 1) )6.8 � 0.1 (0.1)
(100 ps, 100 ps) )2.73 � 0.1 (0.03) )9.55 � 0.07 (0.06) )6.8 � 0.1 (0.07)

Fig. 4. Convergence of free energy di�erence in solvation between
butane and propanol by conventional TI (dashed line) and NBTI
(solid line) with various lengths of equilibration and sampling time.
The calculated free energy values are plotted as a function of
simulation time of the equilibration and sampling stages; for
instance, 30 ps on the x axis indicates the simulation with 30 ps
equilibration and 30 ps sampling per window. The horizontal dotted
line indicates the experimentally measured value ()6.9 kcal/mol)
[44]. The free energies and the error bars are calculated as averages
and standard deviations of three distinct simulations with di�erent
initial velocities
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Table 6. Free energy of solva-
tion di�erences between butane
and propanol (in kcal/mol) at
298 K

a Simulation times are com-
posed of two parts: equilibra-
tion and sampling (see method)
b The free energy values are
reported as the average values
and standard deviations of
three separate simulations with
di�erent initial velocities. The
statistical errors are given in
parentheses
c DAsol is calculated as
DAaq ) DAgas

(A) Free energy di�erences obtained by TI with a constant equilibration interval (50 ps)

Simulation timea

[equiv (50 ps), sampling]
DAgas

b DAaq
b DAsol

c

(50 ps, 10 ps) )2.36 � 0.2 (0.05) )8.70 � 0.3 (0.3) )6.3 � 0.4 (0.3)
(50 ps, 20 ps) )2.44 � 0.2 (0.04) )8.71 � 0.3 (0.2) )6.3 � 0.4 (0.2)
(50 ps, 30 ps) )2.56 � 0.2 (0.04) )8.82 � 0.2 (0.1) )6.3 � 0.3 (0.1)
(50 ps, 40 ps) )2.51 � 0.1 (0.03) )9.04 � 0.2 (0.1) )6.5 � 0.2 (0.1)
(50 ps, 50 ps) )2.41 � 0.1 (0.02) )9.02 � 0.2 (0.1) )6.6 � 0.2 (0.1)
(50 ps, 100 ps) )2.52 � 0.2 (0.03) )9.31 � 0.2 (0.1) )6.8 � 0.3 (0.1)
(50 ps, 200 ps) )2.57 � 0.1 (0.02) )9.38 � 0.1 (0.1) )6.8 � 0.2 (0.1)

(B) Free energy di�erences obtained by NBTI with a constant equilibration interval (50 ps)

Simulation timea

[equiv (50 ps), sampling]
DAgas

b DAaq
b DAsol

c

(50 ps, 10 ps) )2.98 � 0.1 (0.1) )9.73 � 0.2 (0.4) )6.8 � 0.2 (0.4)
(50 ps, 20 ps) )2.80 � 0.1 (0.09) )9.82 � 0.2 (0.2) )7.0 � 0.2 (0.2)
(50 ps, 30 ps) )2.78 � 0.1 (0.07) )9.70 � 0.2 (0.2) )6.9 � 0.2 (0.2)
(50 ps, 40 ps) )2.73 � 0.1 (0.06) )9.55 � 0.1 (0.1) )6.8 � 0.1 (0.1)
(50 ps, 50 ps) )2.69 � 0.1 (0.05) )9.53 � 0.1 (0.1) )6.8 � 0.1 (0.1)
(50 ps, 100 ps) )2.67 � 0.1 (0.05) )9.58 � 0.1 (0.1) )6.9 � 0.1 (0.1)
(50 ps, 200 ps) )2.65 � 0.1 (0.04) )9.52 � 0.1 (0.1) )7.0 � 0.1 (0.1)

Fig. 5. Convergence of the free energy di�erence of solvation
between butane and propanol by conventional TI (dashed line) and
NBTI (solid line) with a constant length of equilibration (50 ps) and
several lengths of sampling time per window. The calculated free
energy values are plotted as a function of the sampling time; for
instance, 30 ps on the x axis indicates the simulation with 50 ps
equilibration and 30 ps sampling per window. The horizontal dotted
line indicates the experimentally measured value ()6.9 kcal/mol)
[44]. The free energies are calculated using a single simulation;
therefore the error bars are estimated by the statistical error of each
ensemble

Fig. 6. Convergence of the free energy di�erence in gas phase
between butane and propanol obtained by conventional TI (dashed
line) and NBTI (solid line) with a constant length of equilibration
(50 ps) and several lengths of sampling time per window. The
calculated free energy values are plotted as a function of the
sampling time; for instance, 30 ps on the x axis indicates the
simulation with 50 ps equilibration and 30 ps sampling per
window. The free energies are calculated using a single simulation;
therefore the error bars are estimated by the statistical error of each
ensemble
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addresses the latter problem. The modi®ed force ®eld
used with NBTI can improve sampling of conforma-
tional space by reducing energy barriers without chang-
ing the location of the energy minima. In principle, the

energy function could be ``¯attened,'' but a great penalty
would be paid for frequently sampling rotamers that
otherwise would be considered high in energy and
unimportant. The net e�ect would be a gain in error in
the computed free energies. The in¯uence of the
modi®cation of the force ®eld is corrected by the non-
Boltzmann sampling (umbrella sampling) procedure
without the need for additional free energy perturbation
stages.

The barrier reduction made for the butane/propanol
test case signi®cantly improves sampling of conforma-

Fig. 7. Convergence of the free energy di�erence in aqueous phase
between butane and propanol obtained by conventional TI (dashed
line) and NBTI (solid line) with a constant length of equilibration
(50 ps) and several lengths of sampling time per window. The
calculated free energy values are plotted as a function of the
sampling time; for instance, 30 ps on the x axis indicates the
simulation with 50 ps equilibration and 30 ps sampling per
window. The free energies are calculated using a single simulation;
therefore the error bars are estimated by the statistical error of each
ensemble

Fig. 8A,B. Time course of the central dihedral angle of the solute
during mutation from butane to propanol in gas phase obtained by
TI (A) and NBTI (B). The distributions are plotted every 0.05 ps
only for the sampling stages (750 ps)

Fig. 9A-D. Normalized dihedral angle probability dis-
tribution of the central dihedral angle of butane in gas
phase obtained by the standard OPLS force ®eld for
various simulation times: A 50 ps, B 200 ps, C 500 ps,
D 1000 ps
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tional space. Convergence to accurate free energy values
is achieved with one tenth of the simulation time for TI.
Additionally, NBTI is competitive with the multi-iso-
meric state approach when one considers the numbers of
simulations involved in computing the free energy dif-
ference; that is, NBTI involves only two simulations for
the di�erence of the free energy of hydration between
butane and propanol; the multi-isomeric state and the
methods of Mark et al. [20] require six.

An important feature of NBTI is the ability to per-
form free energy calculations of a system with multiple
isomeric states without having to calculate PMFs. In the
case of a larger molecule with many degrees of freedom,
the calculation of PMFs is computationally very ex-
pensive [8]. Therefore, it is di�cult to use the multi-
isomeric approach for proteins [8]. NBTI could be useful
for this case.

While the focus here is on enhanced sampling of
intramolecular degrees of freedom, it is also possible
to envisage its application to ligand-receptor binding
computations with the goal of reducing the intermolec-
ular barriers between various binding modes. Work in
this area is ongoing.
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